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Abstract
Here we consider resonances of the Gauge, Gravity and Spinor
fields in Randall-Sundrum-like scenarios. We consider membranes
that are generated by a class of topological defects that are deformed
domain walls obtained from other previously known ones. They are
obtained by a deformation procedure generate different potentials to
the associated Schro¨dinger-like equation. The resonance spectra are
calculated numerically using the method of Transfer Matrix developed
by the authors and presented in JHEP 1108 (2011) 071. The new de-
formed defects change the resonances spectra of all fields considered
and the associated phenomenology as well.
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1 Introduction
The core idea of extra dimensional models is to consider the four-dimensional
universe as a hyper-surface embedded in a multidimensional manifold. This
original proposal of Kaluza and Klein [1] did not attracted much attention
at the time. However, this situation changed drastically nowadays after the
advent of supergravity and superstring theory where the extra dimensions
models are a necessary ingredient [2–4]. More specifically, after Randall and
Sundrum’s idea of a Brane world with non-factorisable metric, there have
been an extensive use of these ideas [5, 6]. This model provides a possible
solution to the hierarchy problem and show how gravity is trapped to a
membrane. It has been found that the trapping of fields and the associated
effective action depends on an associated equation that depends only on the
extra dimension y [7]. An interesting aspect of these models is that the
associated equation can be written in a form very similar to the Schro¨dinger
equation with an associated potential. Therefore, the hierarchy problem is
reduced to the resolution of a one dimensional quantum mechanics problem.
That enriches the problem since many known tools can be used to investigate
the physics of the problem.
An important example of one dimensional quantum mechanics is the well
known result of electrons moving in semiconductor heterostructures. In such
structures, each material composing the heterostructure are considered po-
tential barriers felted by the electrons. By solving the Schro¨dinger equation
we can compute transmission and reflection coefficients, making possible the
understanding of the transport properties and the resonance structures of
structure defined by a one-dimensional potential. From the theoretical point
of view such systems have been extensively studied in the 90’s [8–10]. In
particular, because of the improvement of numerical computational methods
and computer processors, a few more difficult problems without exact solu-
tions were attacked. The source of those difficulties is the complexity of the
several kinds of potentials that should be treated in the Schro¨dinger equa-
tion. As an example, a numerical method was developed in order to solve the
problem of potential barriers of any shape. In order to obtain these results
numerically, they made use of a common tool in condensed matter systems
called the transfer matrix method [11].
The main difference between the Randall-Sundrum(RS) and Kaluza-Klein
models is that the later has a compact extra dimension and the former has
an infinity one. As consequence the Kaluza-Klein models have a discrete
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spectrum of mass that depends on the radius of the extra dimension. In this
scenario the spectrum in four dimension is trivially recovered. In RS models
the extra dimension is infinity and the mass spectrum is determined by a
Schro¨dinger like equation where the mass spectrum may not be discrete. In
both models it is important to verify if the electromagnetism and gravity
are reproduced in first approximation inside the brane. That happens only
if the zero mode, or massless mode, is localized in the membrane. In these
scenarios it has been shown that the zero mode of the gravity field and the
left hand fermion are localized [7].
Another class of fields are the gauge or form fields. The presence of one
more extra dimension (D = 5) provides the existence of many antisymmetric
fields, namely the 0, 1, 2, 3, 4 and 5−forms. However, gauge freedom can
be used to cancel the dynamics of the 4 and 5−form fields in the visible
brane. These fields has been used to describe space-time torsion and the
axion [12–14] that have separated descriptions by the two-form. Besides
this, String Theory shows the naturalness of higher rank tensor fields in its
spectrum [2, 3]. Other applications of these kind of fields have been made
showing its relation with the AdS/CFT conjecture [15]. However, it has
been shown that only the 0−form is localized [7]. The mass spectrum of the
two and three form and the respective coupling with the dilaton have been
studied, for example, in Refs. [16–19]. The study of this kind of coupling,
inspired in string theory, is important in order to produce a process that,
in principle, could be seen in LHC. This is a Drell-Yang process in which a
pair quark-antiquark can give rise to a three(two)-form field, mediated by a
dilaton.
The RS model has also been modified to consider the membrane as a
topological defect generated by a scalar field [20]. In this approach, the
soliton-like solutions are used to simulate the membrane, and several kinds
of defects in brane scenarios are considered in the literature [21–24]. This
models can be generalized to obtain a rich class of defects by a deformation
procedure of the λpi4 potential [25]. It is possible to solve the equations of mo-
tion by the super-potential method. This formalism was initially introduced
in studies about non-super-symmetric domain walls in various dimensions
by [26, 27]. As an example, in a recent paper, a model is considered for
coupling fermions to brane and/or antibrane modeled by a kink anti-kink
system [28]. The localization of fields in a framework that considers the
brane as a kink have been studied for example in [29–36]. In many of these
works the coupling between the dilaton and the form fields is used to produce
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the desired localization [7].
In all above-mentioned models the massive spectrum is determined by
a Schro¨dinger like equation with a potential that falls to zero at infinity.
The spectrum is not discrete and we have a ill defined effective action. De-
spite of that, just like in the case of semiconductor heterostructures, there
is the possibility of appearance of resonances. This analysis have been done
extensively in the literature [37–51].
In order to analyze resonances, we must compute transmission coefficients
(T ), which gives a clear physical interpretation about what happens to a free
wave interacting with the membrane. The idea of the existence of a resonant
mode is that for a given mass the transmitted and reflected oscillatory modes
are in phase inside the membrane, i. e., the transmission coefficient has a
peak at this mass value. That means the amplitude of the wave-function
has a maximum value at z = 0 and the probability to find this KK mode
inside the membrane is higher. This method has been used previously to
analyze resonant modes of the gravity, fermion and form fields in a previous
work [52].
As far as we know there is no study in the literature of resonances for form
fields without the dilaton and for gravity and fermion fields with the dilaton in
a deformed background. The goal of this piece of work is to apply a numerical
method to study aspects of the form fields in a scenario of extra dimensions.
We compute the transmission coefficients of Gravity, Fermion and form fields
in both setups: with and without the dilaton coupling in a deformed scenario.
The paper is organized as follows. Section two is devoted to discuss a solution
of the Einstein‘s equation with source given by a deformed kink with and
without the presence of the dilaton. In section three the general prescription
to reach the Schro¨dinger equation to the problem is given. We also present
in detail the numerical steps to compute the transmission coefficients with
transfer matrix. In Section four we analyze resonances of the gravity field. In
section five, six and seven, we present the resonance structure for 0,1 and 2
forms respectively. In section eight we present the same study for the fermion
fields. At the end, we discuss the conclusions and perspectives.
2 The Deformed Kink as a Membrane
We start our analysis by studying the space-time background. It is well
known that vector gauge fields in these kind of scenarios are not localiz-
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able: in four dimensions the gauge vector field theory is conformal and all
information coming from warp factors drops out necessarily rendering a non-
normalizable four dimensional effective action. However, in the work of Ke-
hagias and Tamvakis [7], it is shown that the coupling between the dilaton
and the vector gauge field produces localization of the later. On the other
hand, scalar and fermion fields do not need this coupling in order to pro-
duce localized zero modes. Therefore, we must consider in this section both
backgrounds: with and without the dilaton coupling.
2.1 The Background with the Dilaton Coupling
We start our analysis studying the space-time background. Before analyzing
the resonances of fields, it is necessary to obtain a solution of the equa-
tions of motion for the coupled gravity-dilaton-brane system. In a previous
manuscript the authors considered two cases: with and without the dilaton
coupling. Here we find the solution for the deformed case. As this solution
has been studied extensively in the literature we only give a short review of
how to reach that. For the case with the dilaton the action is similar given
by [7]:
S =
∫
d5x
√−g
[
2M3R− 1
2
(∂φ)2 − 1
2
(∂pi)2 − V (φ, pi)
]
, (1)
where D = 5, g is the metric determinant and R is the Ricci scalar. Note
that we are working with a model containing two real scalar fields. The
field φ plays the role of membrane generator of the model while the field pi
represents the dilaton. The potential function depends on both scalar fields.
It is assumed the following ansatz for the spacetime metric:
ds2 = gMNdx
MdxN = e2As(y)ηµνdx
µdxν + e2Bs(y)dy2,
where ηµν = diag(−1, 1, 1, 1) is the metric of the brane, y is the co-dimension
coordinate, and s is a deformation parameter. The deformation parameter
controls the kind of deformed topological defect we want in order to mimic
different classes of membranes. The deformation method is based in defor-
mations of the potential of models containing solitons in order to produce
new and unexpected solutions [25]. As usual, capital Latin index represents
the coordinates in the bulk and Greek index the ones in the brane. In or-
der to solve this system, we use the so-called superpotential function Ws(φ),
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defined by
φ′ =
∂Ws
∂φ
,
following the approach of Kehagias and Tamvakis [7]. The particular solution
follows from choosing the potential
Vs = exp
(
pi√
12M3
)[
1
2
(
∂Ws
∂φ
)2
− 5
32M3
Ws(φ)
2
]
,
and superpotential
Ws(φ) = aφ
2
[
s
2s− 1
(
v
φ
)1/s
− s
2s+ 1
(
φ
v
)1/s]
,
where a and v are parameters to adjust the dimensionality. As pointed in [7],
this potential gives us the desired soliton-like solution. In this way, it is easy
to obtain first order differential equations whose solutions are solutions of
the equations of motion above, namely
pis = −
√
3M3As, Bs =
As
4
, A′s = −
Ws
12M3
. (2)
The solutions for these new set of equations are the following:
φ(y) = v tanh(ay), (3)
A(y) = −β1
(
4 ln cosh(ay) + tanh2(ay)
)
(4)
for s = 1 and
φ(y) = v tanhs(ay/s), (5)
As(y) = −βs tanh2s
(ay
s
)
− 4s
(2s− 1)βs
{
ln
[
cosh
(ay
s
)]
−
s−1∑
n=1
1
2n
tanh2n
(ay
s
)}
(6)
for s > 1, where β1 =
v2
72M3
and βs =
v2
12M3
s
(2s+1)
. We should point here that
we gave the solution for s = 1 for completeness, but we are not going to
analyze this case since this has been done previously.
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2.2 The Background without the Dilaton Coupling
Here we look for the background solution without the dilaton coupling. We
could repeat all the steps of the last section to arrive at the final solution.
We can also take a short cut and from our previous solution we obtain the
desired result. By just setting Bs = pi = 0 we can get the final answer. The
metric is now
ds2 = e2As(y)ηµνdx
µdxν + dy2, (7)
with the resulting potential
V = {1
2
(
∂W
∂φ
)2 − 5
32M3
W (φ)2}. (8)
This solution agrees with the one obtained previously. We must note that
the solution for As is left unchanged and therefore the contribution of the
dilaton is to change the equations of motion. In the next section we present
the general set to be used throughout this paper in order to look for the
spectrum of field resonances.
In the limit where y →∞ we have for s = 1:
e2A(y) =
e−2β1 tanh
2(ay)
(cosh2(ay))4β1
∝ e−8aβ1|y|, (9)
and for s > 1
e2As(y) =
e−2βs tanh
2s(ays )e
s
2(2s−1)βs
∑s−1
n=1
1
2n
tanh2n(ay
s
)
(cosh2(ay))
2s
(2s−1)βs
∝ e−4aβs(2s−1) |y|. (10)
Note that this represents a localized metric warp factor. It’s worthwhile to
observe the effect of deformation parameter s in the energy density of the
thick brane. The energy density is given by
e(y) = T00(y) = g00L − 2 ∂L
∂g00
. (11)
We show in Fig.1 the energy density of the thick brane for various value
of the deformation parameter s.
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Figure 1: The energy density of the thick brane: (a) without dilaton and (b)
with dilaton. s = 1 (lined) scaled by 1/10, s = 3 (dotted), s = 5 (dashed).
3 Review of the Method
In this section we give a review of the general prescription to be followed in
all the cases to be studied in this work, for more details see [52]. First we
take the equation of motion for the field in five dimensions, which generally
takes the form
OˆΦ(x, y) = 0, (12)
where Oˆ is a differential operator in five dimensions. The next step is to
separate the differential operator in the brane (Oˆ4d) and extra dimension(Oˆy)
and perform a separation of variables in the field Φ(x, y) = ψ(y)φ(x). After
some manipulations we arrive at two equations
Oˆ4dφ(x) = −m2φ(x)
7
and
Oˆyψ(y) = m
2ψ(y).
The solutions of the second equation above give us the allowed masses in the
visible brane. This equation in all cases will have the form(
− d
2
dy2
+ P ′(y)
d
dy
+ V (y)
)
ψ(y) = m2Q(y)ψ(y) (13)
that can be transformed in a Schro¨dinger-like equation(
− d
2
dz2
+ U(z)
)
ψ(z) = m2ψ(z), (14)
through the transformations
dz
dy
= f(y), ψ(y) = Ω(y)ψ(z), (15)
with
f(y) =
√
Q(y), Ω(y) = exp(P (y)/2)Q(y)−1/4, (16)
and
U(z) = V (y)/f 2 + (P ′(y)Ω′(y)− Ω′′(y)) /Ωf 2. (17)
where the prime is a derivative with respect to y.
The effective action is obtained by integrating in the extra dimension.
The finiteness of this action is the condition that ψ is square integrable,
just like in quantum mechanics with a potential Eq. (17). The study of
the localization of massless modes (m2 = 0) is very simple since is this case
ψ = ψ0 is a solution. In this way, we just need to analyze if the integral of
the measure is finite. The massive mode case is more intricate because we
generally have limz→±∞ U(z) = 0 and we do not have a discrete spectrum for
m > 0. We must therefore consider plane waves coming from infinity and use
the Transfer Matrix method to analyze the existence or possible resonances.
We will see that all potential of Eq. (14) has the general form of Fig. 2
that can be approximated by a series of barriers. In each region showed in
Fig. 3 the Schro¨dinger equation can be solved for each interval zi−1 < z < zi,
where we have approximated the potential by
U(z) = U(zi−1) = Ui−1, zi−1 = (zi + zi−1)/2. (18)
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Figure 2: General potential with parity symmetry with limz→±∞ U(z) = 0.
The solution in this interval is
ψi−1(z) = Ai−1eiki−1z +Bi−1e−iki−1z, ki−i =
√
λ− Ui−1, (19)
and the continuity of the ψi−1(z) and ψ′i−1(z) at z = zi gives us(
Ai
Bi
)
= Mi
(
Ai−1
Bi−1
)
. (20)
In the above equation we have that
Mi =
1
2ki
[
(ki + ki−1)e−i(ki−ki−1)zi (ki − ki−1)e−i(ki+ki−1)zi
(ki − ki−1)ei(ki+ki−1)zi (ki + ki−1)ei(ki−ki−1)zi
]
(21)
and performing this procedure iteratively we reach[
AN
BN
]
= M
(
A0
B0
)
, (22)
where,
M = MNMN−1 · · ·M2M1, (23)
and the transmission coefficient is given by
T = 1/|M22|2. (24)
This expression is what we must to compute as a function of λ, which in our
case is m2. In order to obtain the numerical resonance values we choose the
zmax to satisfy U(zmax) ∼ 10−4 and m2 runs from Umin = U(zmax) to Umax
(the maximum potential value). We divide 2zmax by 10
4 or 105 such that we
have 104 + 1 or 105 + 1 transfer matrices.
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Figure 3: The multistep regions.
4 The Deformed Gravity Resonances
As said in the introduction we are not going to analyses the localization
of zero modes of fields. The main objective is to look for the existence of
possible resonances. This could indicate that this modes can be found at the
visible brane. For completeness we consider the two backgrounds found in
the last section. In order to compute resonant massive modes we just need
the Schro¨dinger-like equation that is obtained for each kind of field. Here we
give a quick review of how to obtain this equation for the gravity field. More
details can be found in Refs. [7, 52].
We must consider the fluctuation g′MN = gMN + hMN , where hMN repre-
sents the graviton in the axial gauge h5M = 0 and assume that h
µ
µ = ∂µh
µν =
0. With these considerations we obtain the equation,[
−e2(As−Bs) ∂
2
∂y2
+ e2(As−Bs)B′s
d
dy
+ 2e2(As−Bs)
(
A
′′
s − A′sB′s + 2(A′s)2
)
− ∂2
]
hµν = 0,
(25)
with the definition ∂2 ≡ ηµν∂µ∂ν . Performing now the separation of variables
hµν = hµν(x)ψ(y), using the relation between As and Bs, and our previous
transformations Eq. (17) we get the Schro¨dinger equation(
− d
dz2
+ U
)
ψ = m2ψ, (26)
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with potential given by
U =
3
2
e3As/2
(
A
′′
s +
9
4
(A′s)
2
)
. (27)
Now we consider the case with a dilaton free background. The strategy
here is the same as that used to find the background solution without the
dilaton contribution. The final result is obtained just by setting Bs = 0 in
Eq. (25) and after following the same steps we arrive at the Schro¨dinger
equation with potential given by
U(z) =
3
4
e2As
(
2A
′′
s + 5(A
′
s)
2
)
. (28)
The case s = 1 has been considered previously and we show in Fig. 4 the
graphics of the gravity potential for s = 3, 5. The behavior limz→±∞ U(z) = 0
show that far of the brane we have plane waves. We must compute trans-
mission coefficients to analyze the possibility of the existence of some gravity
massive mode in the brane. We use the method of transfer matrix proposed
previously. We show in Figs. 5 and 6 the results of log T .
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Figure 4: Potential of the Schro¨dinger like equation of the gravitational field
with dilaton (lined) and without dilaton (dotted) for s = 3 (a) and s = 5
(b).
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Figure 5: Logarithm of the transmission coefficient of gravitational field for
s = 3 (a) without dilaton and (b)with dilaton.
The results obtained enforces the previous affirmation that the resonances
are strongly dependent on the topological defect chosen. Differently of the
case s = 1, for s = 3 even without the dilaton, we have a peak of resonance
at m2 ≈ 0, 32 as can be seen form Fig.5 (a). In Fig.5 (b) we see that the
effect of the dilaton is to change the value of the resonance to m2 ≈ 0, 31. In
Figs. 6 (a) and (b) we see again that, for s = 5 we have resonances regardless
the presence of the dilaton. This is an interesting result since apparently the
cases with s 6= 1 all present resonances for the gravity field.
5 The Deformed Scalar Field Resonances
In this section we study the massive modes of scalar fields. This can be
considered the simplest application of the method. We follow the same steps
as in the gravity field and review how to obtain the Schro¨dinger like equation.
Initially we consider the action for the scalar field Φ coupled to gravity,
1
2
∫
d4xdy
√−ge−λpigMN∂MΦ∂NΦ, (29)
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Figure 6: Logarithm of the transmission coefficient of the gravitational field
for s = 5 (a) without dilaton and (b)with dilaton.
where the indexes M,N go from 0 to 4. The equations of motion are
ηµν∂µ∂νΦ + e
−2As−Bs+λpi∂y[e4As−Bs−λpi∂yΦ] = 0, (30)
and with the separation of variables
Φ(x, y) = χ(x)ψ(y), (31)
we arrive at the following equation for ψ(y)
{ d
2
dy2
+ (4A′s −B′s − λpi)
d
dy
}ψ = −m2e2(Bs−As)ψ. (32)
Now using the relation between Bs and As and the transformation (17)
we get the Schro¨dinger equation{
− d
2
dz2
+ U(z)
}
ψ = m2ψ, (33)
where the potential U(z) assumes the form
U(z) = e3As/2
(
(
α2
4
− 9
64
)A′s(y)
2 − (α
2
+
3
8
)A′′s(y)
)
,
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where α = −15/4− λ√3M3.
For the dilaton free case we just fix Bs = pi = 0 in Eq. 30 and after
performing the separation of variables and the transformation Eq. (17) we
arrive at the Schro¨dinger equation with potential U(z) given by
U(z) = e2As
[
15
4
(A′s)
2 +
3
2
A′′s
]
. (34)
We show in Fig. 7 the plots for the potential of the associated Schro¨dinger
equation. Both looks very similar to a double barrier and we should expect
the existence of resonant modes. In fact in Figs. 8 and 9 we see the graphic of
the logarithm of the transmission coefficient for the deformation parameters
s = 3, 5, with and without the dilaton respectively. It is important to note
that, differently from the gravity field, the presence of the dilaton induces a
richer structure of resonances. We can see in Figs. 8 (a) and 9 (a) that the
presence of the dilaton gives us 15 and 20 peaks of resonance for s = 3 and
5 respectively. This indicates that, for this model, many massive scalar field
have a peak of probability to interact with the membrane.
6 The Deformed Vector Field Resonances
Here we consider the next important field, which is the gauge field. The unde-
formed case was studied previously and now we consider the richer deformed
case. For completeness, we give an analyzes of the resonances for both cases:
with and without the dilaton. They give different phenomenological results,
that is why is important to consider the two cases. These cases have already
been studied in [7], but we analyze it here in the light of the Transfer Matrix
Method. We do not give the full details of how to arrive at the potential of
the Schro¨dinger-like equation since this can be found in Ref. [52].
Consider the action of the gauge field coupled wit the dilaton
SX =
∫
d5x
√−ge−λpi[YM1M2Y M1M2 ], (35)
where YM1M2 = ∂[M1XM2] is the field strength for the 1-form X. The equation
of motion reads
∂M(
√−ggMPgNQe−λpiHPQ) = 0. (36)
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Figure 7: Potential of the Schro¨dinger like equation of scalar field for s = 3
(lined) and s = 5 (dotted). (a) with dilaton for λ
√
3M3 = 40 and (b) without
dilaton.
We use the gauge freedom to fix Xy = ∂
µXµ = 0 to simplify this equation
and arrive at
∂µ1Y
µ1µ2 + e((−Bs+λpi)∂y[e(2As−Bs−λpi)X ′
µ2 ] = 0, (37)
and performing the separation of variable we get the equation for the ψ(y)
dependence
{ d
2
dy2
− (−2As′ +Bs′ + λpi′) d
dy
}ψ (y) = −m2e2(Bs−As)ψ (y) . (38)
Now we can find the Schro¨dinger equation via the transformation Eq. (17)
and use the relations between Bs, pi and As. We arrive at
U(z) = e3As/2
(
(
α2
4
− 9
64
)A′s(y)
2 − (α
2
+
3
8
)A′′s(y)
)
, ,
where α = −7/4− λ√3M3.
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Figure 8: Logarithm of the transmission coefficient of the scalar field for
s = 3. (a) with the dilaton for λ
√
3M3 = 40, (b) without the dilaton.
Now we repeat the same strategy used throughout all the paper to reach
the dilaton free case. We fix Bs = pi = 0 in Eq. 37 and perform the separation
of variables and use the transformation (17) to get the potential
U = e2As{3
4
A′2s +
1
2
A′′s}. (39)
of the Schro¨dinger like equation.
We show in the Fig.10 plots of the vector field potential. We can see
from this that in the presence of the dilaton the potential looks similar to a
double barrier and we should have more resonances than in the case without
the dilaton. In fact this can be seem in Figs.11 and 12, where we show the
logarithm of the transmission coefficient for s = 3 and 5 respectively. From
Figs.11 (b) and 12 (b) we do not have resonances. We should point that
in the case s = 1 without the dilaton no resonances has been found [52].
Therefore, the increase of s induces more resonant modes, as mentioned in
the introduction. With the dilaton we confirmed our expectation that the
presence of the dilaton also increases the number of resonances. For this case
we have found previously for the case s = 1 six resonances [52]. Here, we can
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Figure 9: Logarithm of the transmission coefficient of the scalar field for
s = 5. (a) with the dilaton for λ
√
3M3 = 40, (b) without the dilaton.
see in Figs. Figs.11 (a) and 12 (a) that for s = 3 and 5 we have 15 and 19
peaks respectively.
7 The Deformed Kalb-Ramond Resonances
The dilaton can be seen as the radius of a compactified extra dimension and
all the fields get an exponential factor coming from the measure. Hence,
the same coupling for the scalar and vector fields can be used. More details
about how to obtain these equations can be found in [52] and we give here
just a short review. Consider the action of the coupled system
SX =
∫
d5x
√−ge−λpiYM1M2M3Y M1M2M3 , (40)
where YM1M2M3 = ∂[M1XM2M3] is the field strength for the 2-form X. The
equation of motion is given by
∂M(
√−ggMPgNQgLRe−λpiHPQR) = 0. (41)
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Figure 10: Potential of the Schro¨dinger like equation of the vector field for
s = 3 (lined) and s = 5 (dotted). (a) with dilaton for λ
√
3M3 = 40 and (b)
without dilaton.
Gauge freedom can be used to fix Xµ1y = ∂
µ1Xµ1µ2 = 0 and the equation
is simplified to
∂µ1Y
µ1µ2µ3 + e(2As−Bs+λpi)∂y[e−(Bs+λpi)X ′
µ2µ3 ] = 0, (42)
and we can now separate the y dependence of the field to get the equation
for ψ(y)
d2ψ(y)
dy2
− (λpi′(y) +B′s(y))
dψ(y)
dy
= −m2e2(Bs(y)−As(y))ψ(y). (43)
Using the previous relation between Bs,pi and As and performing the trans-
formation (17) we get {
− d
2
dz2
+ U(z)
}
ψ = m2ψ, (44)
with potential U(z) given by
U(z) = e
3
2
As
[(
α2
4
− 9
64
)
(A′s)
2 −
(
α
2
+
3
8
)
A′′s
]
. (45)
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Figure 11: Logarithm of the transmission coefficient of the vector field for
s = 3. (a) with the dilaton for λ
√
3M3 = 40, (b) without the dilaton.
where,
β =
α
2
+
3
8
, α =
1
4
−
√
3M3λ. (46)
For the case without the dilaton we can again obtain the equations of
motion setting Bs = pi = λ = 0 in 42. Following the same reasoning as in all
cases before we reach the potential for the Schro¨dinger equation
U(z) = e2As [
1
4
(A′s)
2 +
1
2
(A′′s)]. (47)
We show in the Fig.13 the graphics of the Kalb-Ramond field potential
with and without the dilaton. In Figs.14 and 15 we show the logarithm of the
transmission coefficient for s = 3 and 5 respectively. Just like in the scalar
and vector field cases we see that the spectrum of resonances is richer if we
add the dilaton or increase the value of s. From the figures is easy to see that
the presence of the dilaton induces more resonances. For the case with the
dilaton we also see that increasing the value of s the number of peaks also
increases. We can see that for s = 1 [52] we had 5 peaks and from Figs.14
(a) and 15 (a) we have 14 and 18 peaks for s = 3 and 5 respectively.
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Figure 12: Logarithm of the transmission coefficient of the vector field for
s = 5. (a) with the dilaton for λ
√
3M3 = 40, (b) without the dilaton.
8 The Deformed Fermion Resonances
Here we generalize our previous results where resonances of fermions for
s = 1 were analyzed [52]. The study of zero mode localization of this field
has been performed extensively in the last years [38–43,47–51]. Here we look
for resonant modes of this field. We pointed out before that this depends
strongly on the form of the potential and on the model used. Therefore, when
we consider the process of deformation, the potential gets modifications that
will alter the spectrum of resonances and the phenomenology of the problem.
Here we must consider a model similar to that found in [7, 43, 52]. We must
give only a short review on how to arrive to the Schro¨dinger equation and of
the associated potential. The action considered is slightly modified to include
the dilaton coupling. Consider the action
S1/2 =
∫
d5x
√−ge−λpi [ΨΓMDMΨ− ηΨF (φ)Ψ] , (48)
where DM = ∂M + ωM , ωM being the spin connection. The Γ
M = e MN γ
N
are the Dirac matrices in the five dimensional curved space-time and e MN
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Figure 13: Potential of the Schro¨dinger like equation of the Kalb-Ramond
field for s = 3 (lined) and s = 5 (dotted). (a) with dilaton for λ
√
3M3 = 40
and (b) without dilaton.
are the vielbeins: e MA e
N
B η
AB = gMN . After some manipulations with spin
connection we get the equations of motion
[
γµ∂µ + e
As−Bsγ5 (∂y + 2∂yAs)− ηeAsF (φ)
]
Ψ = 0 , (49)
where γµ∂µ is the four-dimensional Dirac operator in the brane. It is in-
teresting to note here that the dilaton coupling just modifies the equation
of motion throughout the Bs factor of the metric. The value of λ will be
irrelevant to the resonance spectrum analysis. Now, just as in the gravity
case we perform the decomposition
Ψ(x, y) = e−2As
(∑
n
ψLn(x)fLn(y) +
∑
n
ψRn(x)fRn(y)
)
. (50)
In the above we defined γ5ψLn(x) = −ψLn(x) and γ5ψRn(x) = ψRn(x) as
the left and right-handed fermion fields respectively. Just as pointed in the
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Figure 14: Logarithm of the transmission coefficient of the Kalb-Ramond
field for s = 3. (a) with the dilaton for λ
√
3M3 = 40, (b) without the
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second section we obtain from the above the equation for a massive field in
four dimension
γµ∂µψLn(x) = mnψRn(x)
and
γµ∂µψRn(x) = mnψLn(x),
with mass defined by[
∂y + ηe
BsF (φ)
]
fLn(y) = mne
Bs−AsfRn(y) , (51)[
∂z − ηeBsF (φ)
]
fRn(y) = −mneBs−AsfLn(y) . (52)
From the above equations we can obtain the Schro¨dinger equation for
each chirality
[−∂2z + UL(z)] fL = m2fL , (53)[−∂2z + UR(z)] fR = m2fR , (54)
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Figure 15: Logarithm of the transmission coefficient of the Kalb-Ramond
field for s = 5. (a) with the dilaton for λ
√
3M3 = 40, (b) without the
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with potential given by
UL(z) = e
2As−Bs (η2eBsF 2(φ)− ηF ′(φ)− η(A′s)F (φ)) , (55)
UR(z) = e
2As−Bs (η2eBsF 2(φ) + ηF ′(φ) + η(A′s)F (φ)) , (56)
with dz/dy = eBs−As .
As before, for the case without the dilaton, we just fix Bs = 0 to obtain
the respective potentials
UL(z) = e
2As
(
η2F 2(φ)− ηF ′(φ)− η(A′s)F (φ)
)
, (57)
UR(z) = e
2As
(
η2F 2(φ) + ηF ′(φ) + η(A′s)F (φ)
)
. (58)
We show in Figs. 16 and 17 the graphic of the potentials with and without
the dilaton with F (φ) = φ, for s = 3 and s = 5 respectively. It is important to
note that, different than the s = 1 case, both profiles are similar to a double
barrier and we should expect resonances. We have previously commented
[52] that the value of η can induce the presence of resonances. Here we
discover that the value of s can also provide the increasing the number of
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resonances. We use only the value η = 10 but if we compare the Figs. 18 and
19 we see that the case s = 5 has more peaks than s = 3 regardless to the
dilaton coupling. Therefore it seems that although the dilaton coupling can
induce the resonances, the value of s has a stronger role on this. We should
stress that in comparison with the s = 1 case we have a richer structure of
resonances, as mentioned in the introduction.
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Figure 16: Potential of the Schro¨dinger like equation of fermion for s = 3
with η = 10. (a) Left without dilaton (dotted) and with dilaton (lined) and
(b) Right without dilaton (dotted) and with dilaton (lined).
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Figure 17: Potential of the Schro¨dinger like equation of fermion for s = 5
with η = 10 . (a) Left without dilaton (dotted) and with dilaton (lined) and
(b) Right without dilaton (dotted) and with dilaton (lined).
9 Conclusions
In this manuscript we have studied the issue of resonances in a deformed
Randall-Sundrum-like model. For this we used a tool from quantum me-
24
1 2 3 4 5 m
2
-70
-60
-50
-40
-30
-20
-10
logHTL
HaL
1 2 3 4 5 m
2
-50
-40
-30
-20
-10
logHTL
HbL
1 2 3 4 5 m
2
-70
-60
-50
-40
-30
-20
-10
logHTL
HcL
1 2 3 4 5 m
2
-50
-40
-30
-20
-10
logHTL
HdL
Figure 18: Logarithm of the transmission coefficient of fermion for s = 3 with
η = 10. (a) Left without dilaton, (b) Left with dilaton, (c) Right without
dilaton and (d) Right with dilaton.
chanics and condensed matter physics: the Transfer Matrix method. In all
Randall-Sundrum-like models the issue of localization is studied through an
associated one dimensional Schro¨dinger equation with an associated poten-
tial. The general prescription imposes that in the limit y →∞ the Randall-
Sundrum warp factor should be recovered. With this the potential of the
associated Schro¨dinger equation has the general behavior of going to zero at
infinity. This justifies the idea that we must consider plane waves at infinity
that will interact with the membrane. This approach has been put forward
successfully in Ref. [52] where the resonant peaks of many bulk fields in a
kink-like membrane were study. The richness of this model can be widened if
we consider another sort of topological defects. This can be obtained in a sim-
ple way by a deformation procedure. Due to this deformation all potentials
of the associated Schro¨dinger equation are changed and as a consequence the
spectrum of resonances is also modified. The interesting point here is that,
different from the undeformed case we have a very rich structure of reso-
nances. For almost all cases analyzed here we have found more peaks than
the cases studied previously. With this method we have computed resonances
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Figure 19: Logarithm of the transmission coefficient of fermion for s = 5 with
η = 10. (a) Left without dilaton, (b) Left with dilaton, (c) Right without
dilaton and (d) Right with dilaton.
of gravity, fermions and gauge fields.
The results obtained here corroborate our claim that, beyond the cou-
pling with the dilaton, the deformed defect can give us a richer structure
of resonances. The only case in which this is not evidenced is the gravity
one. We see in Figs. 5 and 6 that we only have one resonance for any case
considered. When we studied the case of form fields, namely the scalar, vec-
tor and Kalb-Ramond fields that became more apparent. If we compare the
number of resonances for the scalar field with s = 1 [52] and with s = 3, 5
in Figs. 8 (a) and 9 (a) we found 6,15 and 20 respectively. The vector and
Kalb-Ramond fields have similar behavior. The analyzes of the fermion res-
onances also corroborate these ideas. For this case we found in Figs. 18 and
19 many peaks of resonances that rises when we increase the value of s. For
example, if we compare Figs. 18 (d) and 19 (d) for the right fermion with
the dilaton we see three peaks for s = 3 and seven peaks for s = 5. It is im-
portant mentioning that for these phenomenological models, many massive
modes are expected to interact with the membrane.
Furthermore, there are some applications of the models studied here re-
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lated to AdS/CFT correspondence: there are evidences supporting the idea
of domain wall/QFT, i.e., a correspondence between gauged supergravities
and quantum field theories in domain walls. Important applications are re-
lated to the study of quark-gluon plasma via gravity-duals. As a perspective,
we will try to adapt this numerical method to attack such kind of problem.
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